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Applied Mathematics Ph.D. Qualifying Exam — Fall, 2001

Work FOUR of the following five problems. Only four problems will be
graded—do NOT do all five!

Problem 1

a) A rhombus is a parallelogram with equal sides. If the length of a side 1s a and one

of the thombus angles is 26, use a vector formulation to determine the angles at
which the rhombus diagonals intersect.

b) If a vector is given an arbitrary three-dimensional rotation, analytically show that
it s length is unchanged.

¢) A constant force applied to a ngid body creates a moment about each point and
thus a vector field of moments. Determine the curl of this field.

d) Find the angle between two surfaces X +y*=9-7"and x*+ y* =z + 3 at the point
(2, -1, 2).

Problem 2

A general solution of a nonhomogeneous linear ordinary differential equation is a sum
of the form

Y=Yn +Yp

where y;, is a general solution of the corresponding homogeneous equation, yp, 1s any partic-
ular solution of the nonhomogeneous equation. In general, most of the problems in finding
y lies on finding y,. In any standard textbooks, there are many discussions of this subject.

Consider a spring-mass system under an input driving force r(t):
my' (t) + ky(t) = r(t)

where m > 0 is the mass, k > 0 is the spring constant, t is the time (the independent
variable), y(t) is the position of the mass, and y"(t) = d?y(t)/dt?. In case you are not

farniliar with a system of this kind, just ignore the physical meaning and treat the rest
simply as a mathematical problem.

Let wy = y/k/m denote the natural frequency of the system. Consider the input
driving force to be

r(t) = Fycoswpt

where Fy > 0 is a constant. In other words, the frequency of the input driving force is the
natural frequency. In physical term, we call this the case of resonance.

Obtain yx and y, (and hence y) for this case. Assume the initial condition 3(0) = k;
and y'(0) = ka.

Very briefly discuss the behavior of y(t) as t — oo.
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Problem 3

Consider the experimental power vs. time data set below. You are to integrate these
data numerically. using the trapezoidal rule and a combination of Simpson’s 1/3 and

3/8 Rules. See the graph.
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¢) Now. perform the integration using Simpson’s 1/3 and 3/8 Rules.

d) Compare your results and comment on them using your knowledge of numerical

integration methods and their errors.




Problem 4

Solve the following boundary value-initial valye problem using the separation of variables approach.
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aw:léﬁ“ O<x<a, 0<t
axz kot
w(0,t) = 0, 0<¢
Q‘f(a, ) = 0, 0<¢
ax
w(x, 0) = f(x), O<x<a
Problem 5

Consider a linear transformation from R3 to IR3, described by (3 x 3) matrix A]. Further-

more. let [A] be length-preserving, i.e. for all vectors x € IR3, the length of x is equal to the
length of (lA4ix).

(a) (50 % of points)

Determine all possible values of the eigenvalues, \;, for the considered matrix. A

(b) (25 % of points)
Show that [A4] is angle-preserving in the following sense:
ror all x,y € IR it holds that the magnitude of the angle between x and y
= magnitude of the angle between Alx and [Aly

(¢) (25 % of points)

Prove or disprove (by counter-example) the following statement:
ror the considered matriz [A|, it must hold det(|A]) = 1.
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